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A generalized linear theory that allows for mismatched boundary conditions was used in 
determining the starting oscillation conditions for gyrotron backward wave oscillators (gyro-BWO). 
The results reveal that the gyro-BWO interaction is normally caused by the interference between a 
constant-amplitude backward wave and a decaying backward wave. The latter becomes a 
forward-growing wave if the operating frequency is close to the waveguide cutoff frequency. The 
starting oscillation length for a reflection-type gyro-BWO is shorter than that of a matched-type 
gyro-BWO. The mismatch has more of an effect upon the onset of a gyro-BWO, which is operated 
close to the cutoff frequency. 
J. INTRODUCTION 
Considerable interest has been raised regarding the de-
velopment of tunable high-power coherent radiation sources 
in the millimeter wave region. The proposed applications 
include plasma diagnostics and heating, nonlinear spectros-
copy, as well as radar and communication systems. One of 
the promising candidates is the gyrotron backward wave os-
cillator (gyro-BWO). The gyro-BWO is based on the elec-
tron cyclotron maser instability.! It originates from the inter-
action between a backward waveguide mode and a cyclotron 
beam mode. The counterstreaming that occurs between the 
wave and the electrons establishes an internal feedback 
mechanism, which permits oscillation to take place in a non-
resonant structure. Consequently, its resonance frequency 
can be continuously tuned over a wide range by varying the 
magnetic field or beam voltage. 
Meanwhile, one well-known appearance of the gyro-
BWO interaction is through its detrimental competition with 
the operating mode in the gyrotron traveling wave amplifier 
(gyro-TWT). A gyro-TWT has been clearly demonstrated in 
both experimental2,3 and theoretical4,5 studies to be suscep-
tible to the gyro-BWO interaction. Fortunately, the effective-
ness of employing a severed waveguide in suppressing the 
gyro-BWO interaction in the gyro-TWT has been proven 
both experimentally6 and theoretically.7 The method relies on 
limiting each interaction region to be shorter than the start-
oscillation length of the gyro-BWO. 
Experimental study of the gyro-BWO was first reported 
by the Naval Research Laboratory (NRL).8 They achieved a 
maximum power of 7 kW at nearly 20% efficiency. The 3 dB 
frequency bandwidth from voltage and magnetic tuning 
were, respectively, 3% and 13%, with the beam parameters 
optimized during the tuning. The gyro-BWO was success-
fully demonstrated as being a high-power, tunable, and effi-
cient millimeter source in a recent experiment performed at 
National Tsing Hua University (NTHU).9 A maximum power 
of 113 kW at 19% efficiency was achieved, with a stable 
voltage tuning range of 5% at 67 kW peak power also being 
obtained. Meanwhile, the gyro-BWO experiments employing 
a high-voltage (600-750 kV), high-current (150-2000 A), 
long pulse electron beam were reported by Spencer et al. 10 
Nonlinear analyses of the gyro-BWO were previously 
published by Gangulyll and Caplan.!2 In Ref. 11, the effi-
ciency of the gyro-BWO has been found to be substantially 
enhanced by a weakly nonuniform magnetic field. A particle-
in-cell (PIC) code was employed by Lin to simulate mecha-
nisms of efficiency enhancement in a gyro-BWO with ta-
pered magnetic fields.!3 The start-oscillation condition of the 
gyro-BWO was first derived by Wachtel and Wachtel.!4 
More complete treatments of the gyro-BWO in rectangular 
and cylindrical waveguides were presented, respectively, by 
Park!5 and KOU.!6 Both used the Laplace transformation to 
formulate the coupled wave model. Also, the linearized self-
consistent theory of a gyromonotron with a nonfixed struc-
ture was developed by Saito, using the similar 
methodology,16 where detailed physical descriptions for the 
interactions between electron beam and waveguide mode 
were presented. In the previous theoretical analyses,13-17 the 
boundaries were assumed to be perfectly matched. This 
would be difficult to achieve in real devices. The situation 
becomes even more complicated for the gyro-TWT, in which 
the gyro-BWO often takes place at harmonic interactions. 
Our linear theory was generalized in this study for incorpo-
rating mismatched boundary conditions. The importance of 
this study is that it provides not only the physical insight into 
the onset of the gyro-BWO interaction, but also practical 
information for suppressing backward wave oscillations in 
the gyro-TWT. 
II. THE THEORETICAL MODEL 
We consider either an annular or an axis-encircling elec-
tron beam propagating through a cylindrical waveguide, 
guided by an external direct current (DC) magnetic field ap-
plied parallel to the z axis and interacting with a circularly 
polarized TEmn waveguide mode. The resonance takes place 
when the relativistic electron cyclotron frequency is close to 
the Doppler-shifted frequency of the wave seen by the elec-
trons. Using small-signal approximations, the dispersion re-
lation can be expressed as5,16,18 
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where fo is the equilibrium distribution function of the elec-
tron beam; kz is the complex axial wave number; w is the 
frequency of the wave, and k = wi c. Here 
C;'n=[J;,(xmn )(1-m 2/x;'n)]-1, xmn is the nth root of 
J~(x); r w is the waveguide radius; and kmn=xmnlr wJJz is the 
axial electron velocity, rL is the electron Larmor radius and 
rc is the guiding center radius. In addition, f!co=eBo/moc is 
the electron cyclotron frequency and s is the cyclotron har-
monic number. 
The definitions of Hsm(x,y), Tsm(x,y), and Usm(x,y) 
are provided as follows: 
Hsm(x,y) =J;_m(x )J;2(y), 
Tsm(x,y) = 2Hsm(x,y) + YJ;(y)[ 2J;_m(x)J~(y) 
( 1 1 12 -Js(Y) ~Js-m(x)Js-m(x)+Js-m(X) 
and 
Usm(X,Y) = - !yJ; (y ){Js-l (y nJ;-m-l (x) -J;_m(X)] 
+J s+ 1 (y )[J;-m+ 1 (x) -J;_m(x)]). (2) 
Equation (1) indicates that the instability arises from the cou-
pling between the waveguide mode w 2/ c2 - k; - k;'n = 0 and 
beam mode w - k z JJ z - sf! col y= 0, and four possible solu-
tions arise for the complex wave number at any real fre-
quency. A typical dependence of the complex wave number 
is displayed in Fig. 1 as a function of frequency obtained by 
solving the dispersion relation of the gyro-BWO, showing 
three unstable branches. The left and right branches are 
caused by the Weibel instabilities that are present in the 
slow-wave region. The central one that spans the forward 
wave region (kz>O) and the backward wave region (kz<O), 
is due to the nominal electron cyclotron maser instability. 
The real parts of the complex wave numbers indicate that the 
unstable solutions are due to the beam mode at frequencies 
relatively far from the intersection points, and strong cou-
pling between the waveguide mode and beam mode only 
occurs near the intersection points, which results in peaks of 
the growth rate. 
For a finite length system, all four waves must be present 
in order to satisfy the boundary conditions. In other words, 
the wave actually couples into four components when the 
electron beam interacts with a waveguide mode. Neverthe-
less, the amplitude and phase relationship among these four 
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(1) 
waves is determined by the boundary conditions and can be 
solved by performing the Laplace transformation of the lin-
earized MaxwelJ-Vlasov equations.14,15 The evolution of the 
wave along the waveguide can then be expressed in terms of 
these four waves, and is given by 
_ '" [F(O)N(kz;)+F'(O)] -jkuz 
F(z)- k.J jD'(k
z
;) e . 
, 
(3) 
In the above, kzi is the ith root of the dispersion relation [Eq. 
(1)], 
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FIG. 1. (a) The real part and (b) imaginary part of the wave number as a 
function of frequency for a TEll mode gyro-BWO: Vb=90 kV, 1/>=2 A, 
a= 1.2, s= 1, B= 1.3Bg , and r .,=0.2654 cm. 
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FIG. 2. Schmatic diagram of a gyro-BWO with mismatched boundary con-
ditions on both ends. Here r, and r 2 are complex reflection coefficients at 
the gun and collector ends, respectively. In addition, f, is defined as E{IEt 
and r~ is defined as E~/E~. 
and 
. pl.dpl. dpz~ Ix IX f o -00 y 
( - /iif3;h
1 
wHsm(kmnf c ,kmnfL) 
X 2 (w- kzvz- s!1co/ y) 
/3z Tsm(km"f c ,kmnfL») 
+ 0) 
w- kz vz -s!1co/Y , 
where F(O) and F' (0) are the amplitude of the wave and its 
first derivative at z = 0, where the electron beam enters the 
waveguide. 
The power flow in the waveguide can be calculated by 
integrating the Poynting vector over the waveguide cross 
section, which yields 
pw=Re( IdA. 8c7T' (EXB*») 
c 2 1 
= -8 ---;:-rk Re{F(z)jF' (z)*}. 
7T' W mn 
The linear gain is then given by 
P(z) Im{F(z)F'(z)*} 
O(z)= P(O) =Im{F(O)F'(O)*} , 
for a forward growing wave (Re{kz}>O), and 
P(O) 
O(z)= P(z) 
Im{F(O)F'(O)*} 
Im{F(z)F'(z)*} , 
(6) 
(7a) 
(7b) 
for a backward growing wave (Re{kJ<O). Oscillation will 
occur if infinite gain exists in Eq. (7b). That means that the 
power flow at a position z is equal to zero, whereas there 
exists a finite-amplitude solution downstream along the di-
rection of the power flow. The system will oscillate under 
this infinite gain condition since a finite value of power is 
obtainable for a vanishingly minute value of initial power. 
Furthermore, the boundary conditions on both ends of 
the system must be satisfied for a steady-state solution. The 
boundary conditions are shown in Fig. 2 to be specified by 
reflection coefficients at both ends. They are expressed as 
(8) 
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at z=O, and 
, (1- [2) F (z)=jkz 1+[2 F(z), (9) 
at z=L, where kz is the absolute value of the wave number 
of the TEmn waveguide mode; r 1 and r 2 are complex reflec-
tion coefficients at z = 0 and z = L, respectively. Note that [1 
is defined as the ratio of the forward wave to the backward 
wave and [2 is the ratio of the backward wave to the forward 
wave. Equation (8) is used for determining F' (0) in terms of 
F(O) at the beam entrance. Equation (9) can be decomposed 
into real and imaginary parts and provide two coupled equa-
tions. In other words, Eqs. (3), (8), and (9) form a working 
set of equations for a bounded system and two characteristic 
parameters of the system remain to be solved. With the beam 
parameters and magnetic field fixed, the remaining system 
eigenvalues are the oscillation frequency and the start-
oscillation length. The corresponding eigenfunction is the 
mode of the oscillator. As is well known in eigenvalue prob-
lems, there are an infinite set of solutions that correspond to 
the different axial modes in the oscillator. 
In the calculations, we further assume w-kzvz-s!1/ 
y= 0, so that the sth cyclotron harmonic interaction becomes 
dominant and the contributions from the other harmonics can 
be neglected. Numerical solutions can be found by any root-
finding algorithm. The Powell's hybrid algorithm is em-
ployed in our analysis, which is a variation of Newton's 
method.19 
III. NUMERICAL RESULTS 
The start-oscillation conditions are investigated in this 
section for an extensive variety of boundary conditions. We 
first consider the case of perfectly matched boundaries, i.e., 
[1 = [2 =0. An electron beam interacts with a TEll wave-
guide mode at the first cyclotron harmonic. The beam param-
eters are: Vb (beam voltage) = 100 kV, Ib (beam current)=5 
~, a( vl./vz~ = 1.1, f c/f.w= 0.35, and B = 1.3B g' where B g 
IS the grazmg magnetIc field at which the beam mode 
(w-kz vz -s!1/y=O) is tangent to the waveguide mode 
(w 2/c 2 - k;- k~n = 0). 
Figure 3 depicts the evolution of the power and field 
along the waveguide, corresponding to the first axial mode. It 
shows that the power grows from zero near the collector end 
and propagates backward toward the gun. The finite output 
power at the left side results in an infinite gain condition. 
Note that the field profiles approximately show a cosine de-
pendence. The physical insight into the infinite gain condi-
tion can be provided with the aid of Fig. 4, which shows the 
spatial evolution of the real and imaginary parts of the four 
excited waves. As is expected, coupling to the forward wave 
is negligible. The destructive interference occurring between 
the constant amplitude backward wave and decaying back-
ward wave results in a null of the power flow at the right 
side. The three backward waves combine together to satisfy 
the boundary condition at the gun end. 
The corresponding oscillation frequency is higher than 
the frequency of the intersection point between the beam 
mode and the waveguide mode. This result simply originates 
c. S. Kou 3095 
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FIG. 3. The spatial evolution of the power (dashed line) and field (solid line) 
as functions of position in a matched type gyro-BWO (Vb= 100 kV.lb=3 
A, 0:'=1.1. and 8= 1.38g ). 
from the fact that w - k z v z - s n I y must be greater than zero 
for an electron beam to lose energy to a wave. The oscilIa-
Hon frequency is plotted in Fig. 5 as a function of magnetic 
field, showing that oscillation always takes place at a fre-
quency higher than the corresponding intersection point fre-
quency. The corresponding dimensionless detuning factor 
has also been depicted in Fig. 5, which is defined as 
A==w-kzvz-sO/y, where w=w·rjc and w is the oscilla-
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FIG. 4. The (a) real parts and (b) imaginary parts of the field profiles of the 
four waves: (1) constant amplitude forward wave; (2) constant amplitude 
backward wave; (3) decaying backward wave; and (4) growing backward 
wave. 
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tion frequency, kz=kz' r wand kz is the wave number of the 
"cold" waveguide mode, Vz = /! zl c, and 0 = nco' r j c. This 
frequency relationship also matches the previous observation 
that the vanishing of the power flow is caused by the inter-
ference between a constant amplitude backward wave and a 
decaying backward wave at some downstream position; 
therefore, this decaying backward wave must have a smaller 
amplitude than that of the former at the output end. The 
amplitude of the two waves at z = 0 is plotted in Fig. 6 as a 
function of frequency, showing that the decaying backward 
wave is dominant near the intersection point. On the other 
hand, the constant amplitude wave prevails at higher fre-
quencies, and allows for the occurrence of the cancellation of 
power flow at Z>O, so as to meet the infinite gain condition. 
The weaker coupling of the decaying backward wave is due 
to the fact that it propagates with a velocity much faster than 
the "cold" waveguide mode. 
It has been found by checking the wave number that the 
decaying backward wave originates from the beam mode. 
Figure 4 can be explained by the folIowing physical picture. 
Modulated by the constant amplitude backward wave, the 
electrons form an AC current that exponentially grows along 
1.0 ,.-----------------, 
(» 
~0.8 
~ 
;S 
~0.6 
.~ 
(» :a 0.4 
~ 
(» 
e:: 0.2 
-' 
.. 
/ 
/ 
." •• '.:::::: •• """, poW •• .uu.tion fro....,.." 
O. 0 L....:,~'·L-...L.--'_...L!...I -'-_L--L..!.I...L.--''-----' 
1.90 1.93 t.96 2.0a 2.03 2.06 
CJ ru/c 
FIG. 6. Relative amplitudes of waves as a function of frequency: (1) con-
stant amplitude backward wave and (2) decaying backward wave. 
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the waveguide for a gyro-BWO operated close to waveguide cutoff fre-
quency. B = l.09B g and other parameters are the same as in Fig. 3. 
the waveguide in the forward direction, and this AC current 
generates a backward wave in proportion to the current am-
plitude at each position. The wave consequently shows a 
growing shape in the forward direction, while decaying in 
the backward direction. 
In the second case, the magnetic field is reduced to 
1.08Bg so that the beam mode intersects with the wave-
guide mode very close to the cutoff frequency, but still in the 
k z < 0 region. Oscillation is found to occur with strong cou-
pling to the forward beam mode. The destructive interference 
between the constant amplitude backward wave and forward 
growing beam wave results in the infinite gain condition. As 
is pointed out in previous cases, the oscillation frequency 
must be greater than the intersection frequency, so that the 
constant amplitude backward wave is dominant to meet an 
infinite gain condition. Then, it becomes obvious that the 
beam mode will move into the positive kz region if the in-
tersection point is close to the waveguide cutoff frequency. 
Figure 7 illustrates the power profile showing that an even 
larger amount of power propagates in the forward direction. 
We now consider the situation where reflection occurs 
from the gun end. To be specific, f 1=0.3LO° and f2=0.0. 
Figure 8 shows the power and field profiles. From a compari-
son with the perfectly matched case, the relative amplitude 
of the forward wave is found to increase as a result of reflec-
tion. The periodic variation that appears on the field profile is 
caused by the beating between the forward and backward 
waves. However, the infinite gain condition is still attributed 
to the destructive interference between the decaying back-
ward wave and the constant amplitude backward wave. The 
contours of constant start-oscillation length are depicted in 
Figs. 9(a) and 9(b) as a function of reflection coefficient with 
B = 1.3B g and B = 1.08B g' respectively. The curve is ex-
pressed as the ratio of the start-oscillation length to that of 
the perfectly matched case. Note that the maximum starting 
oscillation length does not take place when the tube is 
matched (irl =0). This phenomenon is due to the fact that not 
only the amplitude but also the phase of the reflection coef-
ficient can affect the starting oscillation length. As indicated 
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from a comparison between Figs. 9(a) and 9(b), the influence 
of the mismatch on the start-oscillation length increases as 
the intersection point approaches the cutoff frequency. 
Several gyro-BWO experiments have been designed or 
performed in a reflection-type configuration, i.e., the wave 
was taken out in the forward direction after being reflected at 
the electron beam entrance end.8•!0 This corresponds to re-
flection coefficients of f 1=1.0LI80° and f 2=OLO° in our 
analysis. The power and field profiles for an external mag-
netic field of 1.3B g are illustrated in Fig. 10, showing a 
strong interference between the forward and backward 
waves. The spatial evolution of the real and imaginary parts 
of the four excited waves are also shown in Figs. l1(a) and 
l1(b). Apparently, a standing wave exists inside the tube as a 
result of the interference between the constant amplitude for-
ward wave and the constant amplitude backward wave. 
However, it becomes unclear if the instability arises from a 
forward wave gain or a backward wave gain in the reflection 
type gyro-BWO because of the appearance of the forward 
wave. In the calculations, the real part of k z is therefore 
examined, and it has been found that the forward wave gain 
becomes the source of the instability if the operation condi-
tion is close to the cutoff frequency of the waveguide, in-
stead of the backward wave gain. With B = l. 3B g' the un-
stable mode in Fig. 11 is due to a backward wave gain. 
Comparisons between the start-oscillation lengths for a 
reflection-type gyro-BWO and that for a matched-type gyro-
BWO are shown in Fig. 12. The start-oscillation lengths are 
shorter for a reflection-type gyro-BWO. This phenomenon 
occurs because the relative amplitude of the constant ampli-
tude backward wave decreases, and the distance for the de-
caying backward wave to be of comparable amplitude con-
sequently becomes shorter. The sensitivity to mismatched 
conditions for a reflection-type gyro-BWO is shown in Fig. 
13, which depicts the contours of constant start-oscillation 
length as a function of reflection coefficients. 
IV. DISCUSSION 
In summary, we have presented a general treatment of 
the gyro-BWO interaction. It was shown that the gyro-BWO 
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interaction normally occurs as a result of the interference 
between a constant amplitude backward wave and a decay-
ing backward wave. However, this decaying backward wave 
is replaced by a forward wave when the intersection point is 
close to the cutoff frequency of the waveguide. The start-
oscillation length of a reflection-type gyro-BWO was ob-
served to be shorter than that for a matched-type gyro-BWO. 
Parametric studies indicate that the start-oscillation length 
depends on both reflection coefficients, even if one of them 
is set to zero. 
This analysis has implied that two possible control 
schemes exist to suppress the excitation of gyro-BWO inter-
actions in a gyro-TWT. First, a gyro-BWO was demonstrated 
to become more sensitive to the boundary conditions for in-
teractions occurring closer to the waveguide cutoff fre-
quency, which would usually be satisfied for the operating 
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conditions of a gyro-TWT. Consequently, using a mis-
matched load to increase the start oscillation length for the 
gyro-BWO would become possible. For instance, the gyro-
BWO signal has been coupled out from an output port, 
which is orthogonal to that for the injection signal of the 
gyro-TWT interaction. Consequently. a properly tuned mis-
matched load for the gyro-BWO interaction could be applied 
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toward increasing its start oscillation length without produc-
ing an effect on the gyro-TWT interaction by virtue of the 30 
dB isolation between coupler ports. 
The other scheme is based upon the fact that the forward 
wave actually becomes a major element in a gyro-BWO 
when operating near the waveguide cutoff frequency. It is 
conceivable to inject an external signal at the oscillation fre-
quency with proper amplitude and phase, so as to eliminate 
the gyro-BWO interactions. Above all, this injected signal 
0.25 
~'" 0.0 
~ 
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FIG. 13. Contour plot for the start-oscillation length of a reflection-type 
gyro-BWO (f l = 1.0L 180°) as a function of the complex reflection coeffi-
cient at the gun end. Here L s is the start-oscillation length and L sO corre-
sponds to the matched case. In addition, B = 1.1 B g' and other parameters 
are the same as in Fig. 3. 
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can be mixed with the input signal for the gyro-TWT inter-
action and shares the same input port with the latter. This can 
alleviate the requirement of an extra port as the case men-
tioned above. This scheme is similar to the harmonic injec-
tion technique used in conventional traveling wave tubes to 
suppress harmonic output power.20 Nevertheless, the analy-
ses must be performed for all possible self-excited oscilla-
tions that could occur in the tube, so as to locate the stable 
operating window in order to prevent stimulating any other 
modes. Furthermore, since the phases of unwanted oscilla-
tions are usually difficult to be controlled, feasibility of this 
two methods for suppressing oscillations needs to be further 
studied. 
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